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a b s t r a c t
For amolecular graph, the first Zagreb indexM1 is equal to the sum of squares of the vertex
degrees and second Zagreb index M2 is equal to the sum of products of degree of pairs of
adjacent vertices. In this paper, Zagreb indices of polyomino chains are computed. Also the
extremal polyomino chains with respect to Zagreb indices are determined.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
A graph G consists of a set of vertices V (G) and a set of edges E(G). If the vertices u and v are connected by an edge e then
we write e = uv. The structure of a molecule could be represented in a variety of ways. The information on the chemical
constitution of molecule is conventionally represented by a molecular graph. A topological index Top(G) of a graph G, is a
number with this property that for every graph H isomorphic to G, Top(H) = Top(G). TheWiener index is one of the oldest
andmost studied topological indices, both from theoretical point of view and applications. It is equal to the sum of distances
between all pairs of vertices of the respective graph; see for details [1,2]. For a graph G, the degree of a vertex u is the number
of edges incident to u, denoted by degGu. We will omit the subscript Gwhen the graph is clear from the context. The Zagreb
indices have been introduced more than thirty years ago by Gutman and Trinajestic, [3]. They were originally defined as
follows:
M1(G) =
−
u∈V (G)
deg2Gu,
M2(G) =
−
e=uv∈E(G)
degGu degGv.
Here M1(G) and M2(G) denote the first and the second Zagreb indices, respectively. These indices have rich history;
the interested readers for more information on Zagreb indices can be referred to [4–8]. The first Zagreb index can be also
expressed as a sum over edges of G,
M1(G) =
−
e=uv∈E(G)
[degGu+ degGv].
We refer the reader to [5] for a proof of this equation.
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Fig. 1. The kinks.
Fig. 2. A linear chain.
Fig. 3. The zig-zag chains Z7 and Z8 .
A polyomino system is a finite 2-connected plane graph such that each interior face (or say a cell) is surrounded by a
regular square of length one. In other words, it is an edge-connected union of cells in the planar square lattice. This figure
divides the plane into one infinite external region and a number of finite internal, all internal region must be squares.
Polyominoes have a long and rich history, we convey for the origin polyominoes, [9]. A polyomino chain is a polyomino
system, in which the joining of the centers of its adjacent regular forms a path c1c2 · · · cn, where ci is the center of the i-th
square.
Let Bn be the set of polyomino chains with n squares. For Bn ∈ Bn, it is easy to see that |V (Bn)| = 2n + 2 and
|E(Bn)| = 3n+ 1.
We recall some concept about polyomino chains that will be used in this paper. A square of a polyomino chain has either
one or two neighboring squares. If a square has one neighboring square, it is called terminal, and if it has two neighboring
squares such that it has a vertex of degree 2, it is called kink; in Fig. 1 the kinks are marked by K .
The linear chain Ln with n squares is a polyomino chain without kinks; see Fig. 2.
A segment is a maximal linear chain in polyomino chains, including the kinks and/or terminal squares at its end. The
number of squares in a segment S is called its length and is denoted by l(S). For any segment S of a polyomino chain with
n ≥ 2 squares, 2 ≤ l(S) ≤ n. A zigzag chain Zn with n squares is a polyomino with n − 2 kinks and in another word, a
polyomino chain is a zig-zag chain if and only if the length of each segment is 2, Fig. 3.
A polyomino chain with n squares consists of a sequence of segments S1, S2, . . . , Sr , r ≥ 1, with lengths l(Si) = li, 1 ≤
i ≤ r , where l1 + l2 + · · · + lr = n + r − 1. In Fig. 4, the squares on each segments of a polyomino chain are shown by
directional lines.
Zeng and Zhang [10] distinguished the extremal polyomino chains on k-matchings and k-independent sets. Xu and Chen
studied the PI index of polyomino chains, [11]. After that Chen and his co-worker continued this program to other topological
indices; see [12,13]. Here we continue this program to compute the first and second Zagreb indices of polyomino chains and
then we determine extremal polyomino chains with respect to these indices.
2. Main results
The aim of this section is to obtain the first and second Zagreb indices of polyomino chains and stablish extermals for
them. In what follows, we define a parameter α(Si), 1 < i < r , as follows:
α(Si) =

1 l(Si) = 2
0 l(Si) > 2,
and α(S1) = α(Sr) = 0.
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Fig. 4. Segments of a polyomino chain.
a b
Fig. 5. (a) The edges of E1 . (b) The edges of E2 .
Theorem 2.1. Let Bn be a polyomino chain with n squares, n ≥ 3, and consisting of r segments S1, S2, . . . , Sr , (r ≥ 1) with
lengths l1, l2, . . . , lr . Then
M1(Bn) = 18n+ 2r − 4.
Proof. We partition the edge set of Bn into two subsets. The subset E1 contains, all edge e = uv which is cut across by
straight dashed line passed through the centers of squares Si for 1 ≤ i ≤ r , Fig. 5(a).
Suppose E2 = E(Bn) \ E1, the elements of E2 are shown in Fig. 5(b), by straight dashed lines. Then,−
e=uv∈E1
[degu+ degv] =
r−
i=1
−
e=uv∈E1∩E(Si)
[degu+ degv].
In what follows, each summation is evaluated, separately. For 1 < i < r , we have:−
e=uv∈E1∩E(Si)
[degu+ degv] = 6li + 6+ α(Si−1)+ α(Si+1),−
e=uv∈E1∩E(S1)
[degu+ degv] = 6l1 + α(S2)+ 4,−
e=uv∈E1∩E(Sr )
[degu+ degv] = 6lr + α(Sr−1)+ 4.
Therefore,−
e=uv∈E1
[degu+ degv] =
r−
i=1
6li + 2
r−1
i=2
α(Si)+ 6r − 4.
On the other hand, we have−
e=uv∈E2
[degu+ degv] =
r−
i=1
−
e=uv∈E2∩E(Si)
[degu+ degv].
For 1 < i < r ,−
e=uv∈E2∩E(Si)
[degu+ degv] = 6(2li − 4)− 2α(Si)+ 2,
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e=uv∈E2∩E(S1)
[degu+ degv] = 6(2l1 − 4)+ 11,−
e=uv∈E2∩E(Sr )
[degu+ degv] = 6(2lr − 4)+ 11.
Thus,−
e=uv∈E2
[degu+ degv] = 12
r−
i=1
li − 2
r−1
i=2
α(Si)− 22r + 18.
By the above argument one can see that:
M1(Bn) =
−
e=uv∈E(Bn)
[degu+ degv]
=
−
e=uv∈E1
[degu+ degv] +
−
e=uv∈E2
[degu+ degv]
= 18n+ 2r − 4. 
The values of the first Zagreb index of linear and zigzag chains follow directly from Theorem 2.1.
Corollary 2.2. The first Zagreb index of linear and zigzag chains are computed as follows:
(i) M1(Ln) = 18n− 2,
(ii) M1(Zn) = 20n− 8.
Corollary 2.3. For any Bn ∈ Bn,M1(Ln) ≤ M1(Bn) ≤ M1(Zn), with right (left) equality if and only if Bn ∼= Zn (Bn ∼= Ln).
Proof. By Theorem 2.1,M1(Bn) = 18n+2r−4. SoM1(Bn) is maximum (minimum) if and only if r is maximum (minimum).
Clearly, r is maximum (minimum) if and only if Bn ∼= Zn (Bn ∼= Ln). 
In the following theorem, we apply a similar reasoning as in the proof of Theorem 2.1 to calculate the second Zagreb
index of polyomino chains. We need to define the parameter β(Si), 1 ≤ i ≤ r , as follows:
β(Si) =

1 l(Si) = 2
0 l(Si) > 2.
Theorem 2.4. Let Bn be a polyomino chain with n squares and consisting of r segments S1, S2, . . . , Sr , (r ≥ 1) with lengths
l1, l2, . . . , lr . Then
M2(Bn) = 27n+ 6r − 19−
r−
i=1
β(Si).
Proof. By definition,
M2(Bn) =
−
e=uv∈E(Bn)
degu degv
=
−
e=uv∈E1
degu degv +
−
e=uv∈E2
degu degv.
For the first summation, one can see that:−
e=uv∈E1
degu degv =
r−
i=1
−
e=uv∈E1∩E(Si)
degu degv.
In what follows, we compute each summation, separately. For 1 < i < r , we have−
e=uv∈E1∩E(Si)
degu degv = 9li + 2β(Si−1)+ β(Si)+ 2β(Si+1)+ 9,−
e=uv∈E1∩E(S1)
degu degv = 9l1 + 2β(S2)+ 4,−
e=uv∈E1∩E(Sr )
degu degv = 9lr + 2β(Sr−1)+ 4.
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Fig. 6. The linear zig-zag nanoribbons.
Fig. 7. The linear armchair nanoribbons.
Therefore,−
e=uv∈E1
degu degv = 9
r−
i=1
li + 5
r−1
i=2
β(Si)+ 9r − 10.
On the other hand, we have−
e=uv∈E2
degu degv =
r−
i=1
−
e=uv∈E2∩E(Si)
degu degv.
For 1 < i < r ,−
e=uv∈E2∩E(Si)
degu degv = 18li − 30− 6β(Si),−
e=uv∈E2∩E(S1)
degu degv = 18l1 − 21− β(S1),−
e=uv∈E2∩E(Sr )
degu+ degv = 18lr − 21− β(Sr).
Thus,−
e=uv∈E2
degu degv = 18
r−
i=1
li − 6
r−1
i=2
β(Si)− β(S1)− β(Sr)− 30r + 18.
By the above argument one can see that:
M2(Bn) = 27n+ 6r − 19−
r−
i=1
β(Si). 
The second Zagreb index of linear and zigzag chains can be obtained directly from Theorem 2.4, as follows.
Corollary 2.5. The second Zagreb index of linear and zig-zag chains are obtained as follows:
(i) M2(Ln) = 27n− 13,
(ii) M2(Zn) = 32n− 25.
Corollary 2.6. For any Bn ∈ Bn, n ≥ 3,M2(Ln) ≤ M2(Bn) ≤ M2(Zn), with right (left) equality if and only if Bn ∼= Zn (Bn ∼= Ln).
Proof. To obtain the extremal polyomino chains with respect to the second Zagreb index, we use the equation M2(Bn) =
27n + 6r − 19 −∑ri=1 β(Si) in Theorem 2.4, under boundary conditions, 1 ≤ r ≤ n − 1. To simplify our argument, we
assume that A = 6r −∑ri=1 β(Si). ThenM2(Bn) is maximum (minimum) if and only if A is maximum (minimum). Clearly, A
is minimum if and only if r = 1. In this case, Bn is a linear chain. Also A is maximum if and only if r = n− 1. In this case, Bn
is a zigzag chain. HenceM1(Ln) ≤ M2(Bn) ≤ M2(Zn). 
To compare our results with the same relations for linear nanoribbons, we compute the Zagreb indices of linear zig-zag
and armchair nanoribbons with n hexagons, Figs. 6 and 7. The molecular graphs of linear zig-zag and armchair nanoribbons
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are denoted by Z ′n and An, respectively. The Zagreb indices of these molecular graphs can be computed by the following
formulas:
M1(An) = 26n+ 22, M2(An) = 33n+ 30,
M1(Z ′n) = 26n− 2, M2(Z ′n) = 28n− 11.
Therefore,M1(Z ′n) < M1(An) andM2(Z ′n) < M2(An).
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